OBSERVATIONS ON THE INTEGRAL OF THE
_ q_
FORMULAS [ xP~'dx(1 — x")n~! HAVING
PUT X = 1 AFTER THE INTEGRATION"

Leonhard Euler

§1 Going to consider the integral formula

/ xPdx(1 — x”)%_1

or expressed this way

/ xP~ldx

here, I assume the exponents 7, p and g to be positive integer numbers, since,
if they were not such numbers, they could easily be reduced to this form.
Further, I decided not to consider the integral of this formula in general, but
only its value, which it obtains, if after the integration one sets x = 1, after the
integration was performed in such a way, of course, that the integral vanishes
for x = 0. For, first there is no doubt that in this case x = 1 the integral is
expressed a lot simpler; and furthermore, as often as in Analysis one gets to
formulas of this kind, mostly not so the indefinite integral for an arbitrary
value of x as for the definite value x = 1 used to be especially desired.
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§2 But it is known that in the case, in which after the integration one puts

x =1, the integral [ iy g expressed by means of a product of infinitely

many factors this way that it is

ptq n(p+q+n) 2n(p+q+2n) 3n(p+q+3n)
pa (p+n)(g+n) (p+2n)(g+2n) (p+3n)(q+3n)
the first factor an;q of which is certainly not restricted by the law of the

following. But since there is no obstruction to it, it is nevertheless perspicuous
that the exponent p and g are commutable, such that it is

- etc.,

/xp’ldx(l - x")%’1 = /xq’ldx(l - x”)g’l,

which equality is also easily shown per se. But this infinite product will lead
us to other much greater ones, by which these integrals will be illustrated
more.

§3 But in order to use a short notation and not always to have to write out
the formula [ xP~1dx(1 — x") 1= for each exponent n I will write for it

(5)

such that (g) denotes the value of the integral formula f x”_ldx(l — x")%_1

in the case, in which after the integration one puts x = 1. And since we saw
that in this case it is

/x”’ldx(l — x”)%’1 = /xq’ldx(l — x”)gfl,

such that for each value of the exponent n these expressions <$) and (%)

signify the same quantity. So if, for the sake of an example, it was n = 4, it

will be
G) N <§> N / y(ff;y N <‘/fd—xx4'




But by means of the infinite product one will have
3\ _(2\_ 5 49 813 12.17
2) " \3) 2367 10-11 14-15 °°

§4 First, I now observe, if the exponents p and g were larger than the
exponent 7, that the integral formula can always be reduced to another one,
in which these exponents are lowered below n. For, because since it is

/ xPldx  p—n xP1dx
VA —x)ya ptrq—nt /(1 —xm)nq

in our notation it will be

(0)-75% (5
q ptgq—n q

by which, if it was p > n, the formula is reduced to another one, in which
the exponent p is smaller than n, which is to be understood also for the
other exponent g because of the commutability. Therefore, for us going to
examine these formulas, it will be sufficient for each exponent n to assume
the exponents p and g smaller than 7, since having discussed those all cases,
in which they would have larger values, can be reduced to this.

§5 But it is immediately plain that the cases, in which it is either p = n or
q = n, are absolutely or algebraically integrable. For, if it was g = n, because

of
(%) = /xp’ldx = J;:

having put x = 1 it will be (£) = 1 and in similar manner (g) = %.
And these are the only cases, in which the integral of our formula can be
exhibited absolutely, if p and g do not exceed the exponent #, of course. In all
remaining cases the integration will imply either the quadrature of the circle

or even higher quadratures, which we intend to consider more accurately here.

Therefore, after the formulas (%) or ( %), whose absolute value is = %, those

come, whose values are expressed by means of the quadrature of the circle
alone; but then these will follow, which require a certain higher quadrature,



and I will try to reduce these higher quadratures so to the simplest form as to
the smallest number.

§6 Since the numbers p and g are put smaller than the exponent n, those
formulas (g) become integrable by means of the quadrature of the circle
alone, in which it is p + g = n. For, let it be 4 = n — p and our formula

(75) = (58) = | g = [ s

will be expressed by means of this infinite product

n n-2n 2n-3n 3n-4n
. . - etc.,

p(n—p) (n+p)@n—p) @n+p)(Bn—p) GBn+p)(dn—p)

which represented this way

1 nn 4dnn 9nn
p nn—pp 4nn—pp 9nn—pp
agrees to the product, by which I expressed the sine of angles. Hence, if 77 is

taken for the half of the circumference of the circle, whose radius is = 1, and
at the same time exhibits the measure of two right angles, it will be

(2)-(5) sy -5
n—p B p _nsin¥_nsin%.

§7 In the remaining cases, in which it is neither p = n nor 4 = n and also
not p + g = n, the integral can neither be exhibited absolutely nor by the
quadrature of the circle, but contains other certain higher quadratures. But
on the other the single cases do not require a peculiar quadrature of this
kind, but many reductions are given, by which it is possible to compare the
different formulas to each other. But these reductions are derived from the
infinite product exhibited above; for, because it it is

(p):p+q‘ n(p+q+n)  2n(p+q+2n) et
q pqg  (ptn)(g+n) (p+2n)(q+2n)

it will be in similar manner

etc.
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<p+q>:p+q+r_ n(ptq+r+n) 2n(p+q+r+2n) ete

r (p+q)r (p+q+n)(r+n) (p+q+2n)(r+2n)

having multiplied which by each other one obtains

(p> <p+q>:p+q+r‘ nn(p+q+r+n)  dnn(p+q+r+2n)
q r pgr (p+n)(q+n)(r+n) (p+2n)(q+2n)(r+2n)

where the three quantities p, g, r are interchangeable.

§8 Therefore, hence by permuting these quantities p, g, r we obtain the
following reductions

(5) ()= (7) =0 (57):

whence from some of the given formulas many others can be determined. As
ifitis g +r =n orr = n — g, because of

g+r _1 q\ _ 7T
( 4 >_P and <f)_nsin‘7”
DR
q) \n—q npsin ¢

(29 (255
n—q q npsin &

Further, ifitisp+qg+r=norr=n—p —gq, it will be

0 = it () = o (7)
nsin™  psin It \r nsin 22 \r/’

n n

it will be

and also

whence extraordinary reductions of the ones to the others arise, by means
of which the amount of quadratures necessary for our scope is vehemently
decreased.

etc
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§9 But furthermore, by assuming determined numbers for p, g, r we obtain
the following equalities of the products of two formulas

(1)(2)= (1) (5)
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where certainly many occur, which are already contained in the remaining
ones.

(

etc.,

§10 Having mentioned these principles in advance I will divide the general
formula [ —A—dx

the exponent 7, into classes according to the exponent 7, such that the values
n=1n=2n=23,n=4etc. will yield the first, second, third etc. class.

in which I assume the numbers p and g not to exceed

And the first class, in which it is n = 1, contains the single formula (%) , whose
value is = 1. But the second class, in which it is # = 2, contains these formulas
(1), (3) and (3), whose expansion is manifest per se. The third class, in

which it is n = 3, has these



6 G Q) G G 6

But the firth class, in which it is 7 = 4, on the other hand these

G G G GG G G G G 6

and so in the following classes the number of the formulas increases according
to the triangular numbers. Therefore, let us go through these classes in order.

p—1
2. Class oftheform/XdX = <p>
V(1—x2)27  \q
Here it is certainly perspicuous that these formulas are expressed either

absolutely or by means of the quadrature of the circle; for, these (%) and

(3) are given absolutely and the remaining one (1) because of 14+ 1 = 2

is 54—+ = 7, therefore, if for the sake of brevity we set 7 = a, as we will
2

certainly do it in the following cases, all formulas of this class are defined this

way:

p—1
3. Class oftheform/m = <p>
V(=231 g

Since here it is n = 3, the formula involving the quadrature of the circle is

2\_ 1T |
1 _3sin§'

therefore, let us put (%) = a; but the remaining formulas, which are not given
absolutely, involve a higher quadrature and the formula (1), which we will
indicate by the letter A; having conceded this we will be able to assign the
values of all formulas of this class:



p—1
4. class oftheform/ e (p)
v/ (1 —x4)4-1q q

Since here it is n = 4, we have two formulas depending on the quadrature of
the circle, whose values, since they are known, we want to indicate this way:

3 T 2 T
o) = — d ()= _3g
(1> gsinz <2) tonZ P

Furthermore, one single formula involving a higher quadrature is necessary,
having conceded which we will know all the remaining ones. For, let us put
(3) = A and all formulas of this class will be determined this way:

- ()-F ©-F @
) 05 O

Since here it is n = 5, let us immediately note the formulas depending on the
quadrature of the circle

N Ty (3= 5
1) 5sinf 7 \2) 5sin2F 7




But additionally two new quadratures peculiar to this class are necessary,
which we will denote this way

(§)-n me (3)-

from which all remaining ones will be determined as this:

O @ 0 ()4 ()

O+ -5 -5 O-5
D @0 (-4
(-5 ()

(0%

6. Class oftheform/xpldx _ <p)

Here it is n = 6 and the formulas involving the quadrature of the circle are

B\_ o (N (3o
1) 6sinz " \2) “6sinzZ 7 \3) 6sni

But the values of all remaining ones additionally depend on these two qua-

dratures
4 3
<1> =A and <2> =B

and they are detected to behave this way:



O @3 (0% 0% @3 @O
(e 5 Od @t ()
-n (n (-5 (-2

(-5 ()-» ()

(-5 (-

()-%

p—1
7. Class of theform/xle = (P)
VA= g

Since it is n = 7, denote the formulas depending on the quadrature of the
circle this way

O _ m (SN (o
1) " 7sing Y \2) “7snz 7 \3) T 7sinE "

furthermore, introduce these quadratures

()-r (- ()<

having given which the formulas will be determined this way:
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8. Class oftheform/xp_ldx _ (p)
Since here it is n = 8, the formulas involving the quadrature of the circle will

be

Z = i = é —L_‘B
1) 8sing 2 _SSin%”_ ’

(5>—”_ (4>_ﬂ_5
3 _85in3@”_% 4)  8siniE

Now, on the other hand consider these three formulas as known

(5)=4 (3)=p ama (3)=c

and from these the formulas of this class will be determined this way:

11



Hence it is possible to continue these reductions to the following classes arbi-
trarily far. Therefore, let us explain, how the integrals of the single formulas
will behave in general.

Expansion of the general form / o xlax < P )
S g

Therefore, these formulas are absolutely integrable

D1 @-r @3 O-1«

further, the formulas depending on the quadrature of the circle are

() (5)n (5)on (590

the progression of which formulas finally comes back to itself, since it also is

(n:):‘s’ (1:3):”’ (ﬁz)zﬁ' (ni1>=w-

12

O Q3 O Ok O3 O3 )
D+ (-5 O 0% O-& (-5
O+ (s (-5 (-2 (-2 ()-8
-3 (- O 0)-2 0)-5
(-5 (-2 (3)-e ()=

i
1 v \2 VoA’
0)-3



Furthermore, also higher quadratures must be used, which are represented
this way

() n () () ()0

whose number is immediately determined in each case, since these formulas
finally come back to themselves.

But having admitted these formulas, one will be able to determine completely

all formulas belonging to the same class. But by going backwards from the

formula (”1;1) = w, as we ordered the formulas above, we will have

n—1 4 n—2 _ A n—23 _@ n—4 _g
1 - 1 - 1 _[3' 1 _fy'
n—>5 _@ n—=a6 _@ ‘
1 )" 57 1 )" e ¢

which values taken backwards behave this way

0)-5 (0)-2 ()% «

But then by proceeding horizontally from the same formula (251) = « these
formula are defined

n—1 - n—1 _E n—1 _ 7 n—1 _i ;
1 )% 2 ) T A 3 )T 2B & ) T3¢ &%

the last of which will be

the penultimate

the antepenultimate




etc.

In similar manner so by descending as proceeding horizontally from the

formula (%;2) = B we will obtain the values of the others and by descending,

of course,
n—2\ _ n—3 _3B n—4\ aBC n—5\ apCD
2 =F 2 ) 2 ) qA’ 2 ) A’
n—6\ aBDE n—7\ «PBEF ¢
2 )T TeeA 2 )T ega O
where the last will be
2\ _ apBC
2)  qsA’

(3) -

etc.;

the penultimate

but by proceeding horizontally
n—2\ n—2\ _ By n—2\ 7iA n—2\  JeA
2 =F 3 ~ aB’ 4 ~ 2aBC’ 5 ~ 3aCD’

n—2\ A n—2\ ({nA ot
6 ~ 4aDE’ 7 ~ 5aEF 7

the last of which will be
n—2\ BrA
n—2) (n—4)aBC’

n—2\ YOA
n—3) (n—5)aCD

etc.

the penultimate

14



Further, by descending from the formula (2=3) =  we get to these formulas

n—3\ n—4 _C n—>5\ aCD n—6\ «pCDE
5 )7 s )7 U3 )" 54 "3 )~ seaB”
n—7\ _apyDEF n—8\ apyEFG
3 ~ 6eAB’ 3 ~ e(nAB

and by proceeding horizontally

n—3\ n—3\ _ oy n—3\  7deA n—3\  J6efAB
3 )7 1 )" aC 5 ) 20BCD’ 6 ) 3aBCDE’

n—3\  enAB (nbAB "
7 )~ 4aBDEF’ \BapEFG) ©°

etc.

In the same way by descending from the formula (%) = § we obtain

n—4 s n—>5 _D n—6\ «aDE n—7\ _ apDEF
4 - 4 - 4 A’ 4 - e AB’
n—8\ apyDEFG n—9\ apydEFGH
4 ~ e(nABC ’ 4 ~ e[nHABC

and by proceeding horizontally

n—4 5 n—4\ _ de n—4\  JdeCA n—4\  delnAB
4 - 5 ~aD’ 6 - 2apDE’ 7 ~ 3apyDEF’

n—4\  enbABC n—4\  (noABC
8 )  4aByDEFG’ 9 ) 5aByEFGH

And this way finally the values of all formulas are found.

etc.

Let us accommodate these general reductions to the

9. Class ofform/\g/% — (Z)

There because of n = 9 the formulas involving the quadrature of the circle
will be

15



8 7 6 5
(B)= )= ()= (3) =
hencee =6, =v,1=p,0=ua.
Further, put the new quadratures required for this
7 6 5 4
(1)=2 (G)=» ()=c (i)-r
and so it will be

E=C, F=B and G =A;

and having conceded these four values one will be able to assign the values of

all formulas of the ninth class, which we want to represent in the same order
as we did before:

() (B2 ()3 (-4 ()
(-3 63 @3 6)-

_y6A (7N A
~ 2aBC’ 5/ 3aCD’

(3) =% G)=r Q)= ()= (5)-amew

16



Y06AB
3a¢BCCD’

S\ _eC (5\_aBC (5\ _ . (5\_, (5\_&
1) o7 \2) ~qA’ 3) 7 \4) 7 5) aD’
4\ _aD  (4\ _«pCD (4 _aCD (4\ __
1)" % \2)" Hea’ \3) " 54 \&) ™7
3\ _aC  (3) aBCD  (3) _apCCD.

1) &’ 2 S6A 7 3)  O05AB’

2\ aB 2\ _ «BBC,
1) 47 \2) A’

(-3

The structure of these formula deserves it to be noted even while proceeding
diagonally from the left to the right, where certainly two species of progressi-
ons occur, depending on whether we start from the first vertical series or from
the supreme horizontal series. This way, first by beginning from the vertical
series:

V66 =

17



()= ()-8 () ()5 () () =5 <(%50)
()2 (7) =2 () (%) =5 (%) (%7)=¢ <(*5)
()-% ()-S5 (%) (5) %) (%)< (%)
()= ()-8 () (505 () (") =i ()
()= (%)=& -() (5) &) (%) (%)
(0= ()G () (30) =0 (7) (") =6 (5°)
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Here the law, according to which these formulas depend on each other, is
sufficiently plain, if we only note that in each of the two series of letters a, 5,
v, 6 etc. and A, B, C, D etc. the terms preceding the first are equal to each
other.

CONCLUSION

Therefore, whereas we can exhibit the formula of the second class having
conceded only the quadrature of the circle, the formulas of the third class
additionally require a quadrature contained either in this formula

18



/ ax = A or in this one / x___»
V=) Vi) A

since, having given one, at the same time the other is given. If we express
these formulas by means of an infinite product, their value is found as

/ dx ~ 235 6-8 9-11 12-14 ot

JA—=x32 1 4-4 7-7 10-10 13-13 7

whence its quantity can be calculated approximately sufficiently conveniently;
in the same way it is

/ xdx _1 3-7 6-10 9-13 12-16 otc
JA—x3) 55 8-8 11-11 14-14 ‘
Further, we will be able to integrate all formulas of the fourth class, if only

except for the quadrature of the circle one of these four formulas was known
(2), (1), (3), (3), which yield these forms

/V(fd—%*ﬁ:;/yﬁw:/ﬁ:&
oA xxdx o
o

dx
I o |vie
/ xxdx _/ xdx _1/ dx _E_
Vi a2 e T A

but by means of an infinite product it will be

3 4.7 8-11 12-15 16-19
1.2 56 9-10 13-14 17-18
The fifth class requires the two higher quadratures (3) = A and (3) = B,
instead of which two others depending on them could be assumed, which

might seem simpler, even though because of the prime number 5 the ones can
hardly be considered as simpler as the others.

A=

etc.

For the sixth class also these two classes are required (%) = A and (%) = B.
But here instead of the one the other, which was necessary in the third class,
can be assumed, that only a single new one is to be used. For, because it is

«BB

(&)= s =2 v~

19



it will be

ZaBB /

which is the formula requlred for the thlrd class. Therefore, having given this
one, if this formula becomes known

)= A=) -

or even this one

(4 > B / xxdx / _Br

3 I (1 — x0) "3 (1 —xx) aB’

which are the simplest in this kind, all remaining ones can be defined by
means of these. But having combined these it is plain that it will be

dx / dx _6py
/\/(1—x3) JA—xx) a 3

In similar manner, from the formulas of the first class one calculates

7T

/ dx / dx _n
Vi—xt ) YA —x2) 2’

of which kind a lot of theorems can hence be deduced, among which this is
especially notable

7 sin U= 7
mmn

dx dx
/ v/ (1— xm) ./«"/1—x” o (m—mn)sin Z - sin%'

which, if m and n are fractional numbers, is transmuted into this form

/ e 1dx / 1y nsm( Z)n
v/ (1 (1 —x) (ps—qr)smqp -sin &

r

On the other hand it is in general

<n;P> <n;q> _ (q(ii))(:qﬁp),

20



which yields this form

/ xP~ldx / Xy 7t sin W=7

/(1 — xm) YA =x"P  n(q—p)sin = sin

whence not only the preceding theorems, but also many others are easily
derived. For, having put n = % we will have

/ mfldx / XM= 1dx 7T sin <%—%)7‘L’
/(1 — x)m /(1 —xp)m m(q — p)smT smmTfT'

which can be extend further this way

/ xP~ldx / X1y 7T sin (% — %) T '
/(1 — xm)a /(A —x"P  (mg—np)sin EZ . sin %7

if in this one puts n = 2g, it will be

/ xP~ldx / x1tdx 7 cos EX
VA —xmy S/ =2y q(m - ZP)Sln’m

But if in the last integral formula one puts x*7 = 1 — y™, it will be
/ x1dx mo [ y" P ldy

V- 2] =y

whence having written x for y
 xP1dy xm—P—ldx B 27T cos %
— — o . oppi”
V1—xm V(I =x™) m(m—2p) sin £

If in similar manner in general from the other integral formula one puts
1—x" =y", it will be

/ x1-1dx _m/ mpldy

whence having again written x for y one obtams

&

/ xPldx / x"=P=ldy nrsin (1 %)n
(1 — xm)a (1 — xm)n— 7 m(mg —np)sin = - sin 7%

21



which value is reduced to ——*% (cot P _ cot 1™ ) And hence this more
convenient form results

m+r

“lax 2n7r (tan JZ — tan §7)

/</x L /\/ n;s m(nr — ms)

Since the foundation of these reductions lies in this equality

(22)(59) - LA

which is reduced to this form

(1) () (958 = G) (50 ().

its truth can shown directly this way.

Having taken these three numbers n — ¢q, 4 — p, q for those three numbers p,
g, r in the reduction given in § 8 we will have

=) () = (57 (755)
a-v)\ a9 ) \qa J\g=p)’
but then having taken n — g, ¢ — p, p instead of them it will be
(5 (557) = (=) (57)
p a9-v ) \a-p/\ p )’
having multiplied which equations by each other and having got rid of the
1

formula <ﬁ> common to both sides by division it will be

(57) (5 (557) = () (57) ()

q p q-p 9-p) \ p 9 /)

Yes, even an equality not depending on the exponent n of three formulas of
this kind can be exhibited, of course

) () ()=(5) G5
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-G ) =5 O 0T)

which involves four letters not depending on n and is similar to the equality
of the products of two formulas

G (5) =) 0 =6) ()
p q p r p r
But one also has this equality of the products of three formulas
PY(IY(PEAY — () (2 (927 = (P () (PLT
(q><s>(7+s>_(7><p><p+s>_<r)(s)<q—|—s>
_(P\(P+a\(pta+tr\_(P\(PF+q\(pPtqa+s etc
q r s q s 7 '

For, in these the letters p, g, 1, s can be arbitrarily permuted.
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